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n for a pair of objects
n compute their distance 

(find a pair of closest points)
n compute their penetration depth 

(minimal translation to separate two interfering objects)

Proximity Query

distance penetration depth
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n distance
n collision candidates
n continuous collision detection

n penetration depth
n penalty-based collision response
n computation of time of contact

Application
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n A                                                  B

n A + B = { x + y : x ∈ A, y ∈ B }

(A + t1) + (B + t2) = (A + B) + t1 + t2

n representation of swept objects

Minkowski Addition

O

O

O

University of Freiburg - Institute of Computer Science - Computer Graphics Laboratory

n A                                                  B

n CSO(A,B) = A - B = A + (-B) = { x - y : x ∈ A, y ∈ B }

n to realize A-B,
the reflection of B is added to A

Configuration Space Obstacle

O

O

O
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CSO and Proximity Queries

n iff A and B intersect, 
they have a common point x1 = y1 with x1 – y1 = O

n → O ∈ CSO(A,B) iff A and B intersect

n d (A,B) distance between A and B 
d (A,B) = min { x – y  : x ∈ A, y ∈ B }

n p (A,B) penetration depth of A and B
p (A,B) = inf { x  : x ∉ CSO(A,B) }
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Convex Objects

n if A and B are convex, then A+B and CSO(A,B) are convex
n proof:

n let w1 = x1 + y1, w2 = x2 + y2 , x1, x2 ∈ A , y1 , y2 ∈ B, w1, w2 ∈ A + B 
n A+B is convex iff λ1w1 + λ2w2 ∈ A + B, λ1 + λ2 = 1, λ1, λ2 ≥ 0
n A is convex ⇒ λ1x1 + λ2x2 ∈ A
n B is convex ⇒ λ1y1 + λ2y2 ∈ B
n λ1x1 + λ2x2 + λ1y1 + λ2y2 = λ1( x1 + y1) + λ2( x2 + y2 ) = λ1w1 + λ2w2 

n ⇒ λ1w1 + λ2w2 ∈ A + B 
n ⇒ A+B is convex

n important for computing proximity queries on CSOs
for convex objects
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Convex Polytopes

n A and B are polytopes, e. g. closed triangulated surfaces
n conv (A) – convex hull of A
n vert (A) – set of vertices of A

n A + B = conv ( vert (A) + vert (B) )

n computing the convex hull for all pair wise sums of
vertices of A and B gives the Minkowski sum of A and B

n important for computing A + B for convex polytopes
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n axis-aligned boxes A = [ p1, q1 ] , B = [ p2, q2 ]
n CSO (A, B) = [ p1, q1 ] - [ p2, q2 ] = [ p1 - q2, q1 - p2 ]
n A and B intersect iff O ∈ [ p1 - q2, q1 - p2 ]
n intersecting AABBs in 1D

Proximity Queries - AABBs

p1 q1

p2 q2

p1 – q2 < 0 q1 – p2 > 00
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n axis-aligned boxes 
A = [ c1 - h1, c1 + h1] , B = [ c2 – h2, c2 + h2] , h1, h2 > O

n CSO (A, B) = [ c1  - c2 – (h1 + h2), c1  - c2 + (h1 + h2) ] 

n O ∈ CSO (A, B) iff |c1  - c2| < h1 + h2
(see BVH slides)

n intersection test for spheres can be derived
in a similar way

Proximity Queries - AABBs
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n Minkowski sum or configuration space obstacle CSO
can be used for proximity queries

n if origin is not contained in CSO, 
then the distance of two objects is given by
the distance of the CSO to the origin

n if origin is contained in CSO, the penetration depth
is given by the distance of the CSO to the origin

n useful characteristics for CSO of convex polytopes
n intersection tests for AABBs and other basic primitives

can be derived from CSO

Summary
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n for a given convex polytope C with O ∉ C, 
GJK computes the point v ( C ) closest to the origin O

n || v (C) || = min ( || x || : x ∈ C )

n iff C = CSO ( A, B), then GJK computes the distance 
d ( A, B ) of two non-intersecting convex objects A and B

n d ( A, B ) = || v ( CSO (A, B) ) ||

Overview
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n A support mapping of a polytope A is a function sA
that maps a vector v to a vertex of A. 

n sA (v) ∈ vert (A) with v ⋅ sA (v) = max ( v ⋅ a : a ∈ vert (A) )

n The vertex sA (v) is
the support point of A with respect to v.

Support Mapping
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Support Mapping - Example

A
B

v2v1

sA (v1)

sA (-v1) sA (-v2)

sA (v2) sB (v1)

sB (-v1)

sB (-v2)

sB (v2)
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n represent the convex polytope as an adjacency graph
n start with an initial guess
n “climb the hill” by searching the adjacency graph

for better solutions ⇒ hill climbing

n p = cached support vertex
n repeat

n optimal = true
n for q ∈ adj (p) do

n if v ⋅ q > v ⋅ p then { p = q, optimal = false }
n until optimal 

Support Mapping for 
Convex Polytopes
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GJK Initialization – Step 0

n iterative approximation of d ( A, B )
n GJK starts with an arbitrary v0 ∈ A – B 

and a set of vertices W0 = ∅

n w0 = sA-B ( -v0 )

O
v0

w0

A-B

University of Freiburg - Institute of Computer Science - Computer Graphics Laboratory

Step 1

n v1 = v ( conv ( W0 ∪ {w0} ) ) = v ( conv (w0 ) ) 
n w1 = sA-B ( -v1 ) 
n W1 = “smallest” X with X⊆ W0 ∪ {w0} such that v1 ∈ conv(X)
n W1 = {w0}

O
w1

v1

A-B

w0
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Step 2

n v2 = v ( conv ( W1 ∪ {w1} ) ) = v ( conv ( w0, w1 ) )
n w2 = sA-B ( -v2 ) 
n W2 = “smallest” X with X⊆ W1 ∪ {w1} such that v2 ∈ conv(X)
n W2 = { w0, w1 }

O
w1

v2

A-B

w0

w2
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Step 3

n v3 = v ( conv ( W2 ∪ {w2} ) ) = v ( conv ( w0, w1, w2 ) )
n w3 = sA-B ( -v3 ) 
n W3 = “smallest” X with X⊆ W2 ∪ {w2} such that v3 ∈ conv(X)
n W3 = { w2 }

O
w1

v3

A-B

w0

w2

w3
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“smallest” X

n v1 = v ( conv ( w0, w1, w2 ) )    X = { w0, w1, w2 }
n v1 = λ0 w0 + λ1 w1 + λ2 w2   with λ0+λ1+λ2=1, λ0,λ1,λ2 ≥ 0

n if λi = 0 then the corresponding wi can be removed
from X such that v1 = v ( conv ( X ) )

n example:
n v1 = λ0 w1 + λ1 w2

n ⇒ v1 = v ( conv ( w1, w2 ) ) 
n ⇒ X = { w1, w2 }

w0
w1

w2

v1
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GJK Algorithm

n v = arbitrary point in A – B
n W = ∅
n w = sA-B ( -v )
n while v not close enough to v (A-B)

n v = v ( conv ( W ∪ {w} ) )
n W = smallest X ⊆ W ∪ {w} such that v ∈ conv (X)
n w = sA-B ( -v )

n return ||v||
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Convergence and Termination

n || vk+1 || ≤ || vk ||
n if || vk+1 || = || vk || then vk = v ( A-B ) 

n for polytopes, GJK computes vk = v ( A-B ) 
in a finite number of iterations

n for non-polytopes, the error of || vk || is bound by
|| vk - v ( A-B ) ||2 ≤ || vk ||2 - vk ⋅ wk
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n GJK computes the distance of two non-intersecting objects
n iterative process
n main loop performs three steps on a simplex

n computation of the distance of the simplex to the origin
n support mapping based on this distance
n adaptation of the simplex based on the support point

n GJK converges to the correct solution
n GJK computes the distance in a finite number 

of iterations for polytopes

Summary
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n EPA computes the penetration depth of two objects
n iterative process
n works with an CSO that contains the origin
n starts with a simplex (triangle in 2D, tetrahedron in 3D)

that contains the origin and whose vertices are on the 
boundary of the CSO

n the initial simplex is subdivided (expanded) by EPA
to approximate the CSO

n the distance of the expanded polytope to the origin
corresponds to the penetration depth 

Introduction
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n v0 = v ( X )
n w0 = sA-B ( v0 )
n expand X such that it contains w0

Step 0

O

w0

v0

A-B

X

O

w0

A-B

X
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n v1 = v ( X )
n w1 = sA-B ( v1 )
n expand X such that it contains w1

Step 1

w1

v1 O

A-B

X

w1

O

A-B

X
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n v2 = v ( X )
n w2 = sA-B ( v2 )
n expand X such that it contains w2

Step 2

v2

w2

O

A-B

X

w2

O

A-B

X
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Convergence and Termination

n || vk+1 || ≥ || vk ||

n for polytopes, EPA computes vk = v ( A-B ) 
in a finite number of iterations
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n two polytopes A and B
n start with an arbitrary vertex v’A with v’A ∈ vert (A)
n compute nearest vertex vB with vB ∈ vert (B)

Approximate Distance – Step 1

BA

v’A vB
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n compute nearest vertex vA ∈ vert (A) with respect to vB

n || vA – vB || is the approximate distance of A and B

Approximate Distance – Step 2

BA vA

vB
v’A
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n better approximation for larger distances
and convex objects

n bad approximation in case of concave objects

Characteristics

B

A

vA

vB

v’A
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Motivation

n compute consistent penetration depth information 
for all intersecting points of a tetrahedral mesh

n can be used to compute penalty forces which provide
realistic collision response for deformable tetrahedral 
meshes
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Challenges

n inconsistent penetration depth information due to
discrete simulation steps and object discretization

n inconsistent penetration depth results in oscillation 
artifacts or non-realistic collision response

inconsistent inconsistent consistentconsistent

University of Freiburg - Institute of Computer Science - Computer Graphics Laboratory

Algorithm – Stage 1

n object points are classified as colliding 
or non-colloding points → slides on spatial hashing

non-colliding point
colliding point
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Algorithm – Stage 2

n border points, intersecting edges, and intersection points 
are detected → extension of spatial hashing

intersection edge
border point

intersection point
intersection normal
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Algorithm – Stage 3

n penetration depth d(p) of a border point p is 
approximated using the adjacent intersection
points xi and normals ni
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Algorithm – Stage 4

n consistent penetration depth information at points pj is
propagated to other colliding points p
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Results

n consistent collision response

n inconsistent collision response
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Results - Video
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Summary

n consistent penetration depth information in case of
n discrete object representation
n discrete time simulation

n addresses the problem of discontinuities in magnitude 
and direction of the penetration depth

n provides realistic penalty-based collision response 
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Interacting Deformable Objects

n deformable modeling based on constraints
n collision detection based on spatial hashing
n collision response based on consistent

penetration depth computation 
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